In this paper we briefly review the advances and problems in the QCD theory of the η b mass.
Introduction
The properties of the Υ mesons, the bottom quark-antiquark spin-one bound states, are measured experimentally with great precision, and recent theoretical analysis of the Υ family based on high-order perturbative calculations resulted in determinations of the bottom-quark mass m b with unprecedent accuracy. 1,2 At the same time the spin-zero η b meson remained elusive despite dediacted experimental searches. Only recently a signal of the η b has been observed by Babar collaboration in the radiative decays of the excited Υ states. 3,4 The η b meson shows up as a peak in the photon energy spectrum of the Υ → γη b transitions. Despite considerable background from Υ → γχ b and e + e − → γΥ processes, the peak energy can be measured with rather high precision. Together with very high accuracy of the Υ spectroscopy, this allows for the determination of η b mass M (η b ) with only a few MeV error. The analysis of the Υ(3S) decays gives M (η b ) = 9388.9
+4.6 −4.8 (stat) ± 1.9 (syst) MeV. 4 Thus an accurate prediction of M (η b ) is a big challenge and a test for the QCD theory of heavy quarkonium. Due to a very small experimental uncertainty of the Υ(1S) mass, the problem can be reduced to the calculation of the hyperfine splitting (HFS) E hfs = M (Υ(1S)) − M (η b ). This quantity is very sensitive to α s and could become a competitive source for the determination of the strong coupling constant. In this paper we briefly review the advances and problems in the QCD theory of bottomonium HFS. We consider only the approaches entirely based on the first principles of QCD, leaving aside numerous semi-phenomenological models.
Bottomonium Hyperfine Splitting in QCD
Systematic perturbative analysis of the heavy quarkonium bound states is based on the effective field theory of (potential) nonrelativistic QCD, or (p)NRQCD. 5,6 A recent major breakthrough in the high-order calculations of the heavy quarkonium properties is related to the use of dimensional regularization 7 and the threshold expansion 8 within the effective field theory framework. 2,9 The bottomonium spectrum has been computed to O(m b α 5 s ), which includes the O(α s ) next-to-leading order (NLO) correction to the HFS. The corresponding result for an arbitrary principal quantum number is given in Refs. 2,10 in a closed analytical form. For the ground state it reads where
, n l = 4, and α s is renormalized in the MS scheme at the scale µ = C F α s m b . A logarithmically enhanced term in Eq. (1) is characteristic to the multiscale dynamics of the nonrelativistic bound states. 11 Such terms can be resummed to all orders through the renormalization group analysis of pNRQCD, or the nonrelativistic renormalization group (NRG) 12,13 (see also Ref. 14 ) . The renormalization-group-improved expression for the bottomonium HFS is available to the next-to-leading logarithmic (NLL) approximation, which sums up all the corrections of the form α n s ln n−1 α s . 15 The corresponding analytical expression is too lengthy to be presented here. The result of the numerical analysis is given in Fig. 1 . The logarithmic expansion shows nice convergence and weak scale dependence at the physical scale of the inverse Bohr radius µ ∼ α s m b . This suggests a small uncertainty due to uncalculated higher-order terms. At the same time the nonperturbative contribution to the HFS is difficult to estimate. In principle it can be investigated by the method of vacuum condensate expansion. 16 The resulting series, however, does not converge well and suffers from large numerical uncertainties. 17 On the other hand, the nonperturbative contribution is suppressed at least by the second power of the heavy quark velocity v ∼ α s . Hence it is beyond the accuracy of the NLL approximation and should be added to the errors. In the charmonium system, where the nonperturbative effects are supposed to be much more important, the NLL approximation gives the central value M (J/ψ) − M (η c ) = 104 MeV, 15 which is in a very good agreement with the experimental value 117.7 ± 1.3 MeV. This suggests that the nonperturbative contribution to the bottomonium HFS is likely to be small as well. A detailed discussion of the uncertainties of the NLL result can be found in Ref. 15 The final numerical prediction for the bottomonium HFS based on perturbative QCD reads
where "th" stands for the errors due to the high-order perturbative corrections and nonperturbative effects, whereas "δα s " stands for the uncertainty in α s (M Z ) = 0.118 ± 0.003. The problem of proper description of the nonperturbative dynamics of strong interactions at long distance is naturally solved by the lattice simulations of QCD. A systematic analysis of the bottomonium HFS within the unquenched lattice NRQCD predicts 18
which has somewhat larger central value than Eq. (2), but agrees with the perturbative result within the error bars.
Discussion
The estimate (1) (4) by about two standard deviations. This discrepancy is rather unexpected and difficult to explain if one takes into account the very successful perturbative description of the HFS in charmonium. At the same time the prediction of the lattice QCD apparently agrees with the experimental data. This fact, however, should be taken with great care. Indeed, the lattice simulation 18 uses a finite lattice spacing a ∼ (α s m b ) −1 . It is determined by fitting the bottomonium spectrum, which is mostly sensitive to the soft momentum scale α s m b . At the same time the HFS gets a significant contribution from the hard momentum scale of the heavy quark mass through the radiative corrections. In the lattice NRQCD framework this contribution should be included into the Wilson coefficient of the spin-flip operator in the effective Hamiltonian, which is neglected in Eq. (3). The one-loop Wilson coefficient contains a large logarithm of the form ln (am b ). It is in one-to-one correspondence with the logarithmic term of Eq. (1) and results in an additional contribution to the HFS
which brings the lattice estimate (3) in a perfect agreement with the perturbative result (1). Thus, no definite conclusion on the accuracy of the lattice QCD predictions for the bottomonium HFS can be made at the moment and further theoretical study is necessary. In particular one has to compute the Wilson coefficient of the spin-flip operator perturbatively in the lattice regularization beyond the logarithmic approximation. To summarize, with the precise experimental data now at hand, the bottomonium HFS becomes one of the most interesting hadronic systems to apply and to test the QCD theory of strong interactions. A significant discrepancy between the prediction based on perturbative QCD and the experimentally measured HFS is intriguing and requires further analysis.
